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HINH BIEN CIPNG BANG HUONG VA BIEN CUIPNG PONG HOC

NONLINEAR ANALYSIS OF TRUSS STRUCTURES USING ISOTROPIC
HARDENING AND KINEMATIC HARDENING MODELS

. Nguyén Thanh Truong
Truong Pai hoc Bach khoa, Pai hoc Quéc gia Thanh phé H6 Chi Minh (HCMUT)

TOM TAT

Bai bdo trinh bay mo hinh vat liéu bién cumg dang hieéng (isotropic hardening) va bién cimg
dong hoc (kinematic hardening) dwoc sir dung dé xac dinh trang thai cua vat liéu trong cac két ciu
chiu tai. Tir d6 dp dung phan tich phan tir hitu han cho bai toan hé bon thanh. Néi dung bai bdo
mo ta dang yéu la phi tuyén theo cac chuyén vi ciia phan nr thanh, dwoce tuyén tinh héa dé thu dwoc
ma trdn do cimg tiép tuyén bang phwong phap Newton-Raphson. M6 hinh hé thanh phi tuyén vit
liéu duwoc giai voi sy tro giup cua MA TLAB sir dung phirong phap lap véi hé s6 tai trong dé tim gia
nghiém clm;-'e:n Vi va bién dang, tir do xac dinh dwoc trang thdi cua vat liéu tai bude gia tai do.

Tir khéa: Bién cimg dang hirong; Bién citng dong; Phi tuyén vit liéu; Newton-Raphson.
ABSTRACT

This paper presents the isotropic and kinematic hardening algorithms for state determination
of material in deformed structures. It then applies to solve a truss problem. For finite element
Jormulation, the equilibrium equations are proceed in terms of stresses and use the interpretation of
weak form as the principal of virtual displacements to develop the integral form needed for deriving
the element equations. The weak form is nonlinear in terms of displacements and must be linearized
to get the tangent stiffness matrix for use with the Newton-Raphson method. A truss problem involved
the material nonlinearities is solved using the iterative method which is implemented in MATLAB
with the load factor to obtain displacements and strains. The material state then can be determined
at that incremental loading step.

Keywords: Isotropic hardening, kinematic hardening, material nonlinearity, Newton-
Raphson.
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1. PAT VAN PE

Trong co hoc két cu, c6 bdn loai phi
tuyén tity theo cic quan hé giita chuyén vi, bién
dang va tmg suét. Trong do, két ciu dugc goi
14 phi tuyén vat liéu khi cac phuong trinh co s&
thé hién quan hé phi tuyén giita bién dang va
{mg suit.

Bai toan hé thanh c6 tinh dén yéu t6
phi tuyén vat liéu dugc md ta trong bai bao
nay, v6i gia thuyét cac chuyén vi 1a nhé, nén
cac anh hu'ong hinh hoc duoc bo qua. Quan
hé giira bién dang va Lrng suit trong bai toan
nay la phi tuyén va méi quan hé nay khong
thé duoc gia dinh mQt cach rd rang trong cac
phuong trinh phi tuyén. Trong trudmg hop nay,
Irc doc truc 12 mdt ham ciia bién dang doc truc
va chuyen vi doc truc. Thong thudng, khong
thé viét dugc cac phuorng trinh vi phén co sd
¢ dang hién theo cac bién chuyen vi, ma phai
thlet 1ap cac phuong trinh cin bang theo ng
suat va sir dung nguyen Iy chuyén vi 4o dé suy
ra cac phuong trinh phén tir.

Dé giai bai toan nay, hai giai thuat bién
cing déng hudng (isotropic hardening) va bién
cimg doéng (kmematlc hardemng) duoc gidi
thiéu va 4p dung dé tim chuyén vi nat tai cac
buédc gla tai. Tir d6 suy ra cac gia trj (mg suat
va bién dang dé xac dinh trang thai cua vat liéu

bang cach so sanh véi gié tri (ng suét chay o,
cua vit liéu.

2. PHUONG PHAP XAC PINH TRANG
THAI VAT LIEU TRONG KET CAU
CHIU TAI

Qua trinh xac dinh trang thai vt liéu
cua mot phan tr v6i gia tri bién dang (Ae), cac
théng sb vt liéu (E Hva o), trang thal trude
d6 cta phan tir (bién dang €, ing suét o, trang
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théi chay déo, va bién dang déo tich liy e.
Muc dich dé tinh dugc trang thai méi cua phén
tir thanh khi bién dang doc truc tang 1én mot
lugng Ae. Céac budce tinh toan duoc thuc hién
nhu sau:

a) Tinh tng sudt chay hién tai, phu
thudc vao bien dang déo tich liy, €® va md dun
déo, H:

¢ ,~o,tHe
Trong do: o, 1a img suat chay ban dau.

b) Gia st (ng xir cta vt liéu van con
dan héi trong gia tr blen dang hién tai, tinh gia
tri (mg suit va g suit méi:

As=EAc; s=c+As

c) Pé kiém tra trang thai dung cua vt
liéu & budc nay, ta pha1 phén theo hai hudng
trang thai: Phan tir vin con dan hdi trude do
hoac phan ter da déo trudc d6. Hai giai thuat

logic & phan sau s& mé ta hai hudng phén tich
nay.

3.GIAI THUAT XAC PINH TRANG THAI
VAT LIEU CUA PHAN TU'

3.1. M hinh bién cimg ding huéng (Iso-
tropic Hardening)

Tham s6 diu vae: Gia tri bién dang
Ag; co tinh vt liéu E, o,, H, trang tha1 trudc
vat liéu (elastic hodc ylelded) mg suit () and
bién dang déo tich liy er.

1. Tinh toan:

As=EAg¢; s=0+As; 0~Y=GY+H€"
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2. If status = elastic, perform the following
calculations; otherwise, go to the next step.

If [s|<c .. then [element is still elastic]
new o=s and exit.

Else [element yieled in this increment]
status = yielded, f=(c .~|o|)/(|s|-Io] )
End if. [Go to step 4].

3.1If stattjs = yielded,

If 6As<0 then [element is unloading/
reloading]

status = elastic, new o=s and exit.

Else [element is continuing to yield]
p=0;
End if

4. Compute

new o = g + BAs +m(1 B)Ae

|4el

P_ P
new € S +HfE
3.2. Mé hinh bién cirng déng (Kinematic
Hardening)

Céc bude xdc dinh trang thai ¢ mo hinh
nay cling tuong ty nhu moé hinh bién ciing
déng huéng, chi khac 1 cic ung sudt chay
trong truorng hop phan tir chiu kéo va nén ludn
la hing s6 va bang 20, va khong lay tri tuyét
ddi ctia bién dang déo tich Ity Ae.

Tham sé dau vao: Gia tri bién dang
Ae: co tinh vat liéu E, o, H, trang thai trudc
vat licu (elastic hodc yielded); Ung suét (o)
and bién dang deo tich Iy €.

1. Tinh toan:
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As=EAe€; s=c+As; o=He"

2. If status = elastic, perform the following
calculations; otherwise, go to the next step.

If|s-a|<c., then [element is still elastic]

new o=s and exit.
Else [element yieled in this increment]

status = yielded, B = -
End if. [Go to step 4].

3. If status = yielded,

If 6As<0 then [element is unloading/
reloading]

status = elastic, new o=s and exit.
Else [element is continuing to yield]
p=0;

End if

4. Compute
EH |
new 0 =0+ BAs +ﬁ(1 - B)AE

new €P = eP +

1+1—lf13|A I

4. VIDU SO: HE BON THANH

Xeét he gém bén thanh ndi véi nhau
bang khop cdu nhu Hinh 1. Gia st E=200
GPa, H=10MPa, 0,=150 MPa. V¢i cac phan
tw 1l va2, gia st blen cu‘ng dong cua vat liéu
voi tiét dién A =0.0004 m*. Cac phan tir con
lai str dung mé hinh vat lidu bién cing ding
huéng véi tiét dién A,=0.0002 m>. Tai trong
P=40 kN va tac dung tai mdt goc a=60° & nut
2. Xac dinh do vong vinh vién sau khi tai trong &
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duoc go bo (cac chuyén vi dugc tinh theo mm
va trng suat theo MPa).

Tai nut:

Nut Béactudo Giatri

2 A, 34641

Av, 20000
4 Au, -40000

Av, 0

31

R

1

0L

I L

o
r—
[BS]
w b
e
Lh

Hinh 1. Hé bon thanh

Hg¢ toadd cuc bd ciiaphan tir: / d, Hé 10add toan cuc ciia két cauyg *2

Hinh 2. H¢ toa dé cuc bé va toan cuc cua thanh
chiu tai doc truc

4.1. Gi6i thiéu phan tir
Theo Hinh 2, trong hé toa dé cuc bo:
Véc to chuyén vi d, = {dl}; Véc to ndi luc
d,
m={7 )
I1 F

Trong hé toa do toan cuc: Véc to chuyén
Uy Fxl
v Fy

vinitd = 1 ; Véectondiluec 1 = F
luz x2
U5

Fos
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Chuyén déi gifra véc to chuyén vi toan
cuc sang cuc bd va nguoc lai nhu sau:
Uy

{dl} _ [l]_ m, 0 0 ] vy —y dl = Td
dz

0 0 I, m)uz
U2
1 Ly 0
Vi _ |My 0 [d1} _ T
w(=|o L [la, =d=T"d,
Uz 0 m,

Trong do, I v‘é m_ lan luot 13 1a cosine
cua goc gitra truc phan tor vai truc x va truc y
cua hé toa do toan cuc. Chiéu dai phé"m to va
cac phuong cosine ¢é thé duge xac dinh nhu
sau:

L=l — %)%+, — y1)?

V&i ma trn chuyén doi T, phuong trinh
can bang phan tr trong hé toa dé cuc bd turong
quan voi hé toa do toan cuc nhu sau:

kTIAdl = _Tll = leTAd = _‘r“_
Nhin hai vé cho T, ta duoc:

TTkpyAdy = —TTry,

Luu y T' r,, o day 1a chuyén déi cua
ngoai lyc tac dung tir hé truc cuc b sang toan
cuc, ta ¢6 cac phuong trinh phan tir theo cac
bac tr do va tai niit trong cac phuong toan cuc
nhu sau:

k, Ad=-r,

Cac phuong trinh can bing phin tu
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duoc lap ghép vao hé phuong trinh can bang két
ciu theo cach thong thuong cua phuong phap
PTHH. Sau khi thu duoc gia nghiém chuyén vi
tai nat tir nghiém cua hé phuong trinh toan cuc,
cho m&i phin tir, gia nghiém bién dang c6 thé
duoc tinh bing céch bién déi cac chuyén vi niit
vé hé toa do cuc bo va sir dung phuong trinh
bién dang — chuyén vi, Ae =B" Ad. Trinh tu xdc
dinh trang thai cua két cdu ciing duoc thue hién
nhu déi v6i phéan tir bién dang doc truc.

4.2. Gidi nghiém PTHH

Hé s6 tai trong = 1: Thiét lap trang théi
tt ca phan tir vé gia tri ban dau va bat dau gia
tai. Bai bao trinh bay két qua tinh todn bat dau tir
budc ldp 2, do nghiém chua héi tu tai budc lap 1.

Sau budc ldp 1, ta dugc véc to noi luc
va ngoai luc toan cuc nhu sau:

5358.98 0
21339.7 0
31986.9 34641
11854.3 20000
RI = 0 . RE = 0
—30540 0
—F734L G —40000
—2654.09 0

Tuong tmg voi cac bac tu do khong bi
rang budc:

31986.9 34641 2654.09
118543 [, ) 20000 ([ o _p _p _ ) 814567
Ri=1_373459(* "£=)_40000( R=Rs=Ri=1 565409
~2654.09 0 2654.09
IRg|l = 565685:  [IR|l = 9353.31
Tham sb hoi tu =0.0273389
Buroce lap 2:
185980 422866 -336.72 336.72 ](Lu, 2654.09
422866 211298 33672 -336.72|)Avy( _ | 8145.67
33677 33672 71638 99039 ||duy{ |-2654.09
33672 33672 99039 15697.61\Av, 2654.09
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Giai h¢ phuong trinh toan cuc, ta duogc:

[Auz = —4.2524 Av, = 17.0096,}
Auy, = —17.4866,Av, = 11.6577

Cac gia tri tong cho budc tai trong nay:

Au Av
0 0
—4.44482 20.1101
0 0
—22.4362 13.3951

NS R S R

Giai thuit nghiém cho phan tir 1:

Trang thai méi cua phan tir:
¢=0.000137106; 0=27.4213;
= Trang thai = dan hoi

Luc doc truc =10968.5;

Trong hé truc cuc bg:

1, = {~109685, 109685)
r=TTr, ={-10641 —266025 10641 2660.25)

= Giai thudt nghiém cho phén tir 2:
Trang thdi m&i ciia phan tir:
€=0.000361; o=-72.111;
= Trang thai = dan hdi;

Luc doc truc =-28844 4,
Trong hé truc cuc bo:

111 = {28844.4, -28844 4}

=TT, ={16000 24000 —16000 -24000}

= Gidi thuit nghiém cho phin tir 3:
Trang thai méi cua phan tu:
€=0.00281909; 0=169.706;
= Trang thai = chay déo
Luc doc truc =33941.1;

Trong hé truc cuc bo:

ry = {~33941.1,33941.1)

=TT, = {24000 —24000 -24000 24000}
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=  Giai thuét nghiém cho phén tir 4:
Trang thai m&i ctia phén tir:
=0.00670337; 6=-206.699;
=» Trang thai = chay déo.

Luc doc truc =-41339.7.
Trong hé truc cuc bo:

7 = {41339.7,-41339.7}
r =TT, ={0 41339.7 0 -41339.7}

Sau khi lap ghép cac vec to ndi luc
phan tur, ta dugc véc to ndi luc va ngoai luc
toan cuc nhu sau:

5358.98 0
21339.7 0
34641 34641
B 20000 o _ ) 20000
Rl = 0 :RE = 0
—41339.7 0
—~40000 —40000
3.63798 x 10712/ \ 0
Tuong rng véi cac bac tu do khong bi
rang budc:
34641 34641
R < 20000 . 20000 {
L —-40000 (7F " | —40000(°
363798 x 10712 0
~7.27596 % 10712
-3.63798x 10712
R=R;-R, =
£ -3.63798% 10711
-3.63798x 10712
IRzl = 56568.5;

IRl = 3.74553 — 3.63798 X 1674

Tham s hdi tu =0.

~ Nghiém s0 da hoi tu dén dung sai mong
muon.

HE 50 tai trong = 0. G& bo tai va thiét
lap trang thai tat ca phan tir vé gia tri cta chung

0 vong lap trudce do.

Buoc lap 1:

18598.2 42287 -3367 3367 ](Mu, -34641
-42287 2113 3367 -336.7|)An, -20000

-3367 3367 71638 99039 |)Auy( " | 40000
336.7 —3367 99039 15697.6]\Av, 0

Giai hé phuong trinh toan cuc, ta dugc:
{A,=15.6948,A ,=-65.1101,A =92.1862,
A,=-59.8951}

Céc gia tri tong cho budc tai trong nay:

Au Av
1 0 0
2 15.6948 —-65.1101
3 0 0
4 92.1862 —59.8951

Chuyén vi nat két cau:

u v
1 0 0
2 11.25 —45
3 0 0
4 69.75 —46.5

Sau khi lip ghép cac véc to noi luc
phan tu, ta dugc véc to ndi luc va ngoai luc
toan cuc nhu sau:

(1.39257 x 10712 0
6.2404 x 101 W
—480000
B, = —3453795 L R, =
826795
480000
—480000 \0/

Tuong tmg véi cac bac tu do khong bi
rang bugc:

oo o oo

—480000 0
) —346795( _Jo(
By = 480000 (- K= o(:
—480000 0
480000
346795
R=R.—R, =
E 717 —480000
480000

IRzl =0:  [IRll = 900814

ISSN 0866 - 7056
TAP CHI CO KHI VIET NAM, Sé 7 nam 2018

www.cokhivietnam.vn



NGHIEN CUYU - TRAO BOI

Tham s6 hoi tu =8.11467x10™"!
Buoce lap 2:

25332.6 —25057 -70711 70711 (bBu 480000
-2505.7 215457 70711 -707L1|)4v; 346795

70711 70711 138981 31696 |]duy( | -480000

70711 -70711 31696 22432 1\Au 480000

Giai hé phuong trinh toan cuc, ta dugc:

Au, = —15.5024,Av, = 62.0096,}
IAu‘; — —87.2366,Av, = 58.1577

Céc gia tri tong cho budc tii trong nay:

Au Av
1 0 0
2 0.192418 -3.10048
3 0 0
4 494965 -1.73736

Chuyén vi nut két cau:

u v
1 0 0
2 -4.2524 17.0096
3 0 0
4 -17.4866 11.6577
IR_E I=0; IRI=2.6315%10"°

Tham sb hoi tu =0.

Nhu vy, nghiém s6 da hoi tu dén dung
sai mong mudn. Sau khi tai dugc go bo, cac
phan tir thanh trong hé & trang thai mg suat tu
do nhu khi ¢ trang thai tmh dinh. Tuy nhién,
két céu xuat hién mat s6 chuyen vi vinh vién
tai cac khop do trang thai vat li¢u da sang vung
chay deo.

5. KET LUAN

Bai toan hé bdn thanh co ké dén yéu to
phi tuyen vat liéu da dugc giai trong bai bao
nay. Dang tong quat cua cac phuong trinh tiép
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tuyén phan tir hitu han cing twong tu nhu ciia
cac phan tir dan hdi tuyén tinh. Chi c6 mot
diém khéc 14 ta s& cAn xét dén quan hé dan-déo
gia ting cua g suit va bién dang. Cac thanh
phdn co ban cin dé thiét 1ap quan hé nay 1a
cac dang gi6i han chay véi cac quy ludt bién
cimg kém theo, trong d6 sir dung tiéu chuan
chay von-Mises va cac mé hinh bién ctmg lién
két suy rong truc tiép cho bai toan mot chiéu.
Nghiém s6 héi tu thu dugc thé hién trang thai
vt lidu cia phan tir thanh. Két qua cua bai béo
ndy 1a buée nghién ctru ban dau, co v nghia
trong viéc du dodn img xir cua két cau co ké
dén yéu td phi tuyén cua vat liéu, vén trong
doi phirc tap trong viéc xay dung mo hinh phan
tw hiru han. Huéng phat trién tiép theo la xdy
dung mo hinh kiém chirng trén phﬁn mém cua
hang thir ba va phat trién cho phan tir dam. <
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